Rosenbrock-Wanner methods usually have order reduction if they are applied on stiff ordinary differential or differential algebraic equations. Therefore in several papers further order conditions are derived to reduce this effect. In [13] the example of Prothero and Robinson is analysed to find further order conditions. In this paper we consider traditional ROW methods like ROS3P [7] , ROS3PL [6], and RODASP [18] and modify these methods such that these further order conditions are satisfied. Numerical examples show the advantages of the new methods.
Introduction
In the simulation of stiff ODEs or differential algebraic equations, the RungeKutta method seems to be a good choice since this class of methods contains explicit and implicit methods. Explicit methods may have the disadvantage that very small time step sizes have to be used to get a stable numerical result, and implicit methods need the solution of non-linear systems. A good compromise are linear implicit Runge-Kutta methods, so-called RosenbrockWanner (ROW) methods which only need the solution of linear systems.
It is well known that an order reduction phenomenon can be observed if one-step methods are applied on stiff ODEs, or differential algebraic equations [2, 19] . Ostermann and Roche prove in [9] that implicit Runge-Kutta methods may have a fractional order of convergence for general linear ODEs. Similar results are presented for Rosenbrock-Wanner methods in [10] . Ostermann and Roche derive further order conditions for Rosenbrock-Wanner methods to reduce order reduction, since ROW methods have only stage order 1. For example, in [7] and [15] Rosenbrock-Wanner methods are derived which satisfy the order conditions from Ostermann and Roche [10] and which have almost no order reduction if they are applied on stiff ODEs, such as the Prothero-Robinson example or the semi-discretised Navier-Stokes equations [15, 14, 3, 4] . In [16] a different approach can be found for reducing the order reduction. An ROW method satisfying the order conditions derived by Scholz [16] is the RODASP method from Steinebach [18] .
One well known example of a stiff ODE is the example of Prothero and Robinson [11] . In the book of Hairer and Wanner [2] the order reduction phenomenon is discussed for fully implicit Runge-Kutta methods. An analysis for diagonally implicit Runge-Kutta methods and Rosenbrock-Wanner methods can be found in [13] . In this paper new order conditions are derived which are a generalisation of the conditions from Ostermann and Roche [10] and Lubich and Ostermann [8] . The method ROS34PWR (see [12] ) is an extension of method ROS34PW2 (see [15] ) and satisfies the new conditions. This method is more effective than the old one, as numerical experiments show.
In this paper we consider some well known ROW methods such as ROSP [7] , ROS3PL [6] , RODASP [18] and ROS3Pw [15] . We will replace the old conditions from [10, 8] or from [16] (for the RODASP method) with the new order conditions. We will see that the number of internal stages does not increase. Numerical results show that the new methods are more effective.
Rosenbrock-Wanner methods
We start our considerations with an ODE of the forṁ
A Rosenbrock-Wanner-method (ROW method) with s internal stages can be formulated by
where J := ∂ u F(t m , u m ) is the Jacobian of F w.r.t. u, α ij , γ ij , b i are the parameters of the method,
If the parameters α ij , γ ij , and b i are chosen appropriately, a sufficient consistency order can be obtained. A derivation of these conditions with Butcher series can be found in [2] . Here we only summarize the conditions up to order 4:
where we use the abbreviations β ij := α ij + γ ij and β i := i−1 j=1 β ij . Additional consistency conditions arise if J is only an approximation to ∂ u F(t m , u m ), or if J is an arbitrary matrix. This class of methods is called W-methods, [19] . The order conditions up to order 3 read as (see [19] , [2] , and [17] 
The ROW method (2)-(3) requires the solution of s linear systems of equations with the same matrix I − γτ m J. The right hand side of the i-th linear system of equations depends on the solutions of the first to the (i − 1)-st system. Thus, a main difference of ROW methods to implicit methods is that it is not necessary to solve a non-linear system of equations in each discrete time but only a fixed number of linear systems of equations. If ROW methods are applied on semidiscretised parabolic problems they usually have order reduction. Therefore a ROW method should satisfy further order conditions. In this paper we follow the theory from [13] and consider the following conditions
for l = 1, . . . , k−2 and k = 1, . . . , p+1, where
. . , γ s ) , and δ ij is the usual Kronecker product.
ROW methods allow an easy implementation of an adaptive time step length control, if the ROW method is of order p ≥ 2. An adaptive time step control employs a second ROW method which has the coefficients a ij ,b i and c i , i, j = 1, . . . , s, and order p − 1. The solution of the second method at t m+1 is given byû
Now, the next time step τ m+1 is proposed to be
where ρ ∈ (0, 1] is a safety factor, T OL > 0 is a given tolerance and
This step size selection rule is called PI-controller and going back to Gustafsson et al. [1] . For details on the numerical error and the implementation of automatic step length control we refer to [2, 5] .
3 Improvement of traditional ROW methods
The ROS3P method
First we consider the ROS3P method from Lang and Verwer [7] . It is a strongly A-stable scheme of order 3 with 3 internal stages. The method satisfies the order condition (A1), (A2), (A3a), and (A3b) and the conditions from Lubich and Ostermann [8] . We replace the second ones by the conditions (6) for k = 2, 3 and the condition (7) for k = 3, 4 and l = 1, . . . , k − 2. Then we have the following equations for the coefficients of the ROW method:
With equation (14) and (16) we can determine γ by
This equation can be divided by 2γ , which leads to the quadratic equation
The solution is given by
yields an A-stable method (see [2] ).
From (18) is follows b 3 β 32 β 2 = 0 and from (14) we have b 3 β 32 α 2 2 = 0. With (13) it follows that β 2 = 0 holds. From (15) and (17) we get
Using (14) we obtain α 2 = 3γ. The variables a 31 and a 32 are free and can be chosen by a 31 = 0 and a 32 = 1. Then the remaining coefficients are given by
For the embedded method we chooseb 2 = 1/10. The other two variables are determined by (A1) and (A2), i. e. bŷ
The coefficients of our new ROS3PR method are summarised in Table 1 .
2.3660254037844388e + 00 γ 21 = −2.3660254037844388e + 00 α 31 = 0.0000000000000000e + 00 γ 31 = −2.8468642516567449e − 01 α 32 = 1.0000000000000000e + 00 γ 32 = −1.0813389786187642e + 00 
The ROS3Pw method
The ROS3Pw method is an extension of ROS3P since it satisfies a further condition, i. e. condition (B2). As in the previous section the order conditions from Lubich and Ostermann [8] are replaced by the new order conditions (6) and (7) for k = 3, 4 and l = 1, . . . , k − 2. In the last section we saw that α 3 is a free variable. For our new method α 3 is determined by the additional condition (B2). Altogether we have
The coefficients for the embedded method can be computed in the same way as for the ROS3PR method, i. e. we chooseb 2 = 1/10. In Table 2 we summarise the coefficients of our new ROS3PRw method. 
The ROS3PL method
Next we consider the ROS3PL method from Lang and Teleaga [6] . The method has 4 internal stages, order 3 and is stiffly accurate, i. e. it holds
We consider the order conditions (A1), (A2), (A3a), (A3b) and (7) for k = 3, 4 and l = 1, . . . , k −2. Condition (6) is automatically satisfied since the method is stiffly accurate. Therefore we have the following equations
Since the ROS3PL method is stiffly accurate the conditions simplify to
The new order condition (7) simplifies to the following equations in the case k = 3, 4 and l = 1, . . . , k − 2
From (23) and (25) we get the non-linear equation
One solution of this equation is γ ≈ 0.43. Then conditions (22) and (23) imply β 2 = 0. Next we simplify condition (24) to
Variables α 2 and α 3 are free variables. We set α 2 = 1/2 and α 3 = 1. Then equations (21) and (24) simplify to
and we get
With condition (19) we get b 1 , i. e.
Coefficient β 3 can be computed from equation (19), i. e.
and finally we have for the coefficient β 32
For the remaining coefficients we chose α 32 = α 41 = α 42 = 1/2. For the embedded method we have the conditions for ODEs up to order 2, i. e.b 1 +b 2 +b 3 +b 4 = 1,
For condition (7) in the case k = 3 and l = 1 we get Moreover we want to satisfy the condition R(∞) = 1 −b B −1 c = r ∞ . It follows
and
Finally we obtain forb 4b
An L-stable embedded method does not exist, since for r ∞ = 0 we getb 4 = γ = b 4 . In our case we choose r ∞ = −1/4 andb 1 = 1/2. Then it followŝ
The coefficients of the ROS3PRL method are displayed in Table 3 . 
The RODASPR method
Our last method, RODASPR, is an improvement of the RODASP method from [18] . The RODASP method has 6 internal stages, is stiffly accurate, and its embedded method is stiffly accurate, too. We start our considerations with the order conditions for ODEs up to order 4. In the case of a stiffly accurate method they simplify to
The order conditions for the embedded method are given by
In the case of a stiffly accurate method the conditions (6) are satisfied for all k. Condition (7) should be satisfied for k = 3, 4, 5 and l = 1, . . . , k − 2. Using the above equations condition (7) with k = 3 and l = 1 simplifies to 
For the condition (7) with k = 5 and l = 3 we obtain
Equations (40) and (42) imply that β 2 = 0. Next we consider the equations with α 3 , i. e. condition (7) with k = 4, l = 1, k = 5, l = 2, and k = 6 and l = 3. We obtain b 5 β 54 β 43 β 32 α = 3γ = 6γ
15b 5 β 54 β 43 β 32 α 
Equation (43) 
Dividing equation (46) by (40) yields α 2 = 3γ and dividing (32) by (37) gives us
Next we consider equations (32) and (40) (divided by 2γ
2 ) and obtain
From equation (40) 
Inserting this result into (47) leads to
Inserting the formula for b 5 yields
where we use condition (37). Finally we get
Comparing (33) and (38) we see that
and it follows with α 2 = 3γ that β 3 = 9 2 β 32 holds. Dividing equation (37) by (33) and multiplying it by b 4 yields
Moreover we need condition (43) for k = 5 and l = 1. After some simplifications we get In the next step we solve a system of non-linear equations to determine coefficients b 2 , b 3 , b 4 , β 42 , β 43 , β 52 , β 53 , and β 54 using the equations (27), (28), (29), (30), (32), (35), (36), and (50). Coefficients b 1 and α 43 can be determined via (26) and (31). For determining α 54 we use the further condition
which is useful for DAEs of index 2, which are solved with inconsistent initial conditions (see [2] and [18] ). After some simple manipulations this condition simplifies to
Coefficient α 52 can be calculated with the help of the further condition [2]
where ω ij are the entries of B −1 . This condition might be helpful if index-2 DAEs with inconsistent initial conditions are solved [2, 18] Coefficients α 32 and α 43 can be calculated with the help of the condition for methods of order 6, i. e. with
The coefficients of the RODASPR method are displayed in Table 4 . 
Numerical results
In this section we compare the new methods with the old ones. Furthermore we include the ROS34PRW method (see [12] and [13] , which is an extension of the ROS34PW2 method [15] . We list the most important properties of our methods in Table 5 . 
Example of Prothero-Robinson
First we consider the well known example from Prothero and Robinsoṅ
with ϕ(t) = sin t.
We solve the ODE (51) with equidistant step sizes τ = 1 10·2 k , k = 0, . . . , 13 in the time interval (0, 1/10]. In Figure 1 we present the numerical results for λ = −1 (left) and λ = −10 6 (right). In the case λ = −1 all methods converge with order 3 or 4, as it is to be expected from the order of convergence. The other case λ = −10 6 shows that traditional methods like ROS3P, ROS3Pw, ROS3PL, ROS34PW2 and RODASP have order reduction. The methods satisfying the new order conditions show better convergence properties. In Table 4 .1 we show the numerically observed order of convergence for all considered methods. 
Incompressible Navier-Stokes equations
Let J be a time interval and Ω ⊂ R d be a domain. We consider the incompressible Navier-Stokes equations which are given in dimensionless form byu
where Re denotes the positive Reynolds number. Details to the discretisation in space and time can be found for example in [4] and the references cited in there. In our first example of the incompressible Navier-Stokes equations the right-hand side f , the initial condition u 0 and the non-homogeneous Dirichlet boundary conditions are chosen such that
is the solution of (52). Moreover we set Re = 1, Ω = (0, 1) 2 and solve the problem in the time interval (0, 1/10]. We use the Q 2 /P disc 1 discretisation on a uniform mesh which consists of squares with an edge length h = 1/32. Note that for any t the solution can be represented exactly by discrete functions. Hence, all occurring errors will result from the temporal discretisation. 
ROS3P
1.66e-09 3.05e-10 7. as expected. In the case of the pressure component it can be observed that the new methods provide more accurate results than the older ones, since the older methods do not satisfy the new order conditions from [13] .
